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Abstract
A simply connected -nite complex X is called elliptic if its rational homotopy Lie algebra is of -nite
dimension and hyperbolic otherwise. According to a conjecture of Moore, there exists an exponent for the
p-torsion part of ∗(X ) if and only if X is elliptic. In this note, it is shown that, provided the prime p
is su4ciently large, a hyperbolic space with p-torsion free loop space homology has no exponent in the
p-torsion of the homotopy groups. For a class of formal spaces, this result is obtained for every odd prime.
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0. Introduction
A space X is said to have a homotopy exponent at a prime p if there is n such that pn annihilates
the p-torsion in ∗(X ). A conjecture of Moore relates exponents to rational invariants of X . It states:
A 1-connected -nite CW-complex X has a homotopy exponent at p if and only if the dimension
of ∗(X ) ⊗ Q is -nite. Note that, according to this conjecture, the existence of an exponent is
independent of the prime p. A -nite 1-connected complex X is called elliptic if dim ∗(X ) ⊗ Q
is -nite and hyperbolic otherwise. This dichotomy is widely studied in rational homotopy theory
[16]. By a result of McGibbon and Wilkerson [23], an elliptic space has an exponent for almost
all primes. For hyperbolic spaces Selick has veri-ed the conjecture for suspensions with torsion-free
homology [26], and Anick proved it for hyperbolic spaces of Lusternik–Schnirelmann category two
at large primes [5]. For the state of the art some years ago see [27].
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In this paper we prove
Theorem 1. A hyperbolic space X which is r-connected of dimension m and with H∗((X );Z(p))
torsion-free has no homotopy exponent at p if p¿ (m− 1)=r + (2p− 2)=(2p− 3).
Let us remark that there are hyperbolic complexes X such that H∗((X );Z) has p-torsion for all
primes p [4,7].
This paper is organized as follows: The geometric cobar construction of Rector [25] is reviewed
in Section 1. It is used in the construction of certain stable maps out of (X ) to -nite complexes.
These maps are needed in the proof of Theorem 1 and their connectivity is studied. In Section 2 the
divisibility of the homomorphisms induced by these maps in complex K-theory is estimated. Section
3 is devoted to the proof of Theorem 1. A sharper version of the main theorem for a class of formal
spaces is proved in Section 4.
We will work in the category of pointed spaces of the homotopy type of a p-local CW-complex
which are of -nite type over Z(p) for a -xed prime p. So a -nite complex will mean the localization
at p of a -nite CW-complex. Or, what is the same in the 1-connected case, a space built by attaching
a -nite number of p-local cells. The symbol Sn will stand for the p-local n-sphere. We write H ∗(X )
resp. H∗(X ) for (co)homology with integer coe4cients.
1. Review on the geometric cobar construction
The Eilenberg–Moore spectral sequence is associated to a -bre square,
Under certain hypothesis it converges to the (co)-homology of X . Its -rst construction was given
in [15], and was algebraic in nature. It was obtained by a -ltration of a two-sided cobar construc-
tion. Prior to this Adams [2] considered the case E  D  ∗ and his cobar construction appears
as the standard injective resolution in [15]. Later several people [29,25,13,19] gave topological de-
velopments. The treatment in [13] uses Bous-eld’s and Kan’s Totn functors, and the exact couple
which de-nes the spectral sequence is given as the homotopy exact couple of a tower of -brations.
In contrast, Rector in [25] derives the spectral sequence from a tower of co-brations which are
obtained from a cosimplicial space naturally associated to ∗. It was then shown in [14,25] that, if
one uses the standard (cobar) resolution in [15], the spectral sequences of [15,25,13] are isomorphic
from E1 on. All of these are augmented by the homology of X and for simply connected B converge
strongly to H∗(X ). See [13,8] for a more general result. We recall from Rector’s paper what we
will need.
Denition 1.1. The two-sided geometric cobar construction associated to ∗ is the cosimplicial space
G∗ de-ned by the formula
Gn = D × B× · · · × B× E; n¿ 0
with n-copies of B.
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The structure maps are given by:
d0(d; b1; : : : ; bn; e) = (d; f(d); b1; : : : ; bn; e);
dn+1(d; b1; : : : ; bn; e) = (d; b1; : : : ; bn; p(e); e);
di(d; b1; : : : ; bn; e) = (d; b1; : : : ; bi; bi; : : : ; bn; e); 16 i6 n;
si(d; b1; : : : ; bn; e) = (d; b1; : : : ; bi; bi+2; : : : ; bn; e); 06 i6 n− 1:
The cosimplicial space G∗ is augmented by the natural inclusion
D×
B
E →G0 = D × E:
The following construction is a kind of dual Moore complex for spaces: let GnN = G
n=Gn im d1 ∪
· · · im dn for n¿ 0 and G0N = G0=N = G0+ (+ denotes a disjoint base point). The maps d0 induce
maps n :GnN → Gn+1N with n+1 ◦ n = ∗.
The Eilenberg–Moore spectral sequence in Rector’s approach is the exact couple obtained from a
tower of co-brations
X n−1˜
n−1→GnN
qn→X n; n¿ 0;
where X−1 =D×
B
E+ and ˜−1 is given by the inclusion. The maps ˜n−1 are then constructed induc-
tively. Furthermore there are maps n which make
commute. This compatible maps relate the spectral sequence to the homology of X .
From now on we assume that B is r-connected r¿ 1 and that D  E  ∗. We also assume that
B has trivial 1-skeleton.
Proposition 1.2. The homology of GnN is isomorphic to the homology of the smash product B
∧n.
Proof. This follows from the fact proved in [25] that H˜ ∗(GnN ) ∼= H˜ ∗(Gn)=im d1∗ ∪ · · · im dn∗ by an
easy induction.
Remark. Alternatively, one could use the comparison result of the various spectral sequences men-
tioned above, and the structure of Adams cobar construction.
Since GnN is 1-connected under our assumptions, it follows that G
n
N is in fact (r+1)n−1 connected
if B is r-connected.
Let Mn :n(B)→ MX n=X n=n-skeleton be the map induced from n by pinching out the n-skeletons.
Theorem 1.3. The map Mn is n+ r(n+ 1)− 1-connected.
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Proof. As in [13] the strong convergence of the spectral sequence has a formulation in terms of
towers as follows: the tower maps n∗ :H∗(n(X+))→ H∗(X n) are pro-isomorphisms (see [13] for
the basics on tower algebra). It follows, since the tower H∗(n(X )+) is constant up to dimension
shift, that n induces a monomorphism in degree m for large enough n. Since GnN is at least 2n− 1
connected n¿ 1 we see from the co-ber sequence X n−1 → GnN → X n, that n induces an isomorphism
in degree m in homology for large n. Since the maps n are compatible the (r+1)n−1 connectedness
of GnN translates into 
n being n+r(n+1)−1-connected by simple arithmetic. From this the assertion
of the theorem it easily seen.
Finally we record.
Proposition 1.4. Suppose B is of homological dimension 6m. Then MX n is of homological dimension
6m · n.
Proof. This is immediate from 1.2.
2. Some estimates in K -theory
First we have to recall some facts about the Atiyah–Hirzebruch spectral sequence for complex
K-theory. It was de-ned in [6] and further studied in [22,10,11]. We will work with the Z=2-graded
version of the spectral sequence and K-theory in this section.
The diNerentials dr commute with suspension isomorphisms [22] are torsion valued and satisfy:
() d2r ≡ 0
() d2r+1(p) ≡ 0 for r = 0modp− 1, where d2r+1(p) denotes the p-torsion part of d2r+1.
See [6,10,11].
The following lemma was already noted in [11].
Lemma 2.1. Let X be a space with H ∗(X ) = 0 for ∗¿n+ i and x∈Hn(X ).
Then viewing x as an element in the E2-term of the Atiyah–Hirzebruch spectral sequence
d2r+1(p)(p[i−1=(2p−2)]x) = 0 for all r.
Proof. By stability we may assume i¡n. We look at the Eilenberg–Mac Lane space K(Z; n) and
the fundamental class in ∈Hn(K(Z; n)) -rst. By a result of Cartan [12] the p-torsion of H ∗(K(Z; n))
is a Z=p-vector space for ∗¡ 2n. By properties ;  above dj(p[( j−1)=(2p−2)]in)=0 for j¡n. So the
same is true for x by naturality. Since H ∗¿n+i(X ) = 0 we have dj(x) = 0 for j¿ i. This proves the
lemma.
The Atiyah–Hirzebruch spectral sequence is well known to converge strongly for a -nite complex
X . In general, it converges only under certain assumptions to the inverse limit lim← K
∗(Y n) where Y n
are the skeletons of the -nite type space Y . But for the loops on a 1-connected -nite complex X
we have.
M. Stelzer / Topology 43 (2004) 667–675 671
Theorem 2.2. Let X be a 1-connected 4nite CW -complex. Then the Atiyah–Hirzebruch spectral
sequence for (X ) based on complex K-theory converges strongly to K∗((X )) and K∗((X )) ∼=
lim← K
∗((X )n).
Proof. It has been proved in [10, 3.3, 3.4, 3:4′] that both assertions are implied by the existence of
a function q(n) with En;∗q(n) = E
n;∗∞ . As was shown in Section 1 there is a sequence of stable maps
Mm :m(X ) → MXm, which become more and more connected. Choose m such that Mm is m + n
connected. Then Hn((X )) ∼= Hn+m(m((X ))) is in the image of M∗. For the -nite complex Xm
there is r0 such that E∞( MXm) = Er0( MXm). Since the diNerentials are torsion valued the map induced
by Mm on Em+n;∗r0 has a -nite cokernel. Consequently, there is a number k ∈N such that for each x,
k · x∈Em+nr0 (m(X )) is in the image of M∗r0 . So there are no further non-trivial diNerentials on k · x.
This means that the sum of the orders of all further diNerentials supported on x can be not bigger
than k. Looking at a -nite base for the torsion-free part, it follows that there are only -nitely many
possible non-trivial diNerentials on Enr0((X )) above dr0 .
Remark. We think of the theorem above as analogous to the result of Lannes and Schwartz [21]
about the -nite action of the Steenrod algebra on the cohomology of the loop space of a -nite
complex. This was a key point in the approach of the authors to the Sullivan conjecture, proved -rst
by Miller. The theorem of Lannes and Schwartz holds for n(X ). Also 2.2. generalizes for n(X )
if X is n-connected.
The following theorem is an easy consequence of Smith’s main result in [28]. Only topological
groups are considered by Smith. But the loop space of a CW -complex of -nite type is of the
homotopy type of a topological group by a well-known theorem of Milnor.
Theorem 2.3. Let X be an r-connected space r ¿ 0, and [g]∈ n((X )) an element of in4nite
order which is not divisible by p. Suppose that H ∗((X )) is torsion free, and let g∗ denote the
homomorphism induced on K-theory. Then the biggest power of p which divides g∗ is less than or
equal to p[(n−r−1)=(2p−3)] where [a] stands for the integral part of a.
Proof. If we replace K∗ by H ∗ and suppose that r ¿ 1 the theorem is proved in [28]. So suppose
r = 1. There is a homotopy equivalence (not multiplicative in general).
(X )  T × ̂(X );
where T is a torus and ̂(X ) is the universal covering of (X ) [20]. Note that ̂(X ) is a loop
space. From this the H ∗ version of the theorem follows directly. The Atiyah–Hirzebruch spectral
sequence of (X ) degenerates. Hence H ∗((X )) is the associated graded of K∗((X )) with respect
to the -ltration which de-nes the spectral sequence. From this it is easy to see that the estimate of
the divisibility can be lifted from H ∗ to K∗.
3. Proof of Theorem 1
Let X be an r-connected hyperbolic space. Choose [gn]∈ rn((X )) with rn → ∞, non-trivial
⊗Q, and such that pA[gn] for p a -xed odd prime. By [16, p. 149, Theorem 12.2] we can and will
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choose all rn to be even. Now let fn : Skn → Srn with e(fn) = 1=p(rn=2)−1, where e denotes Adams
e-invariant [1]. That such maps exist is shown in [17]. In fact, the single suspensions of the maps
constructed in [17, Theorem 6.2] have e-invariants of the orders which we need. The numbers kn
are of the form 2k(p− 1)− 1 + rn, for each k such that p(rn−4)=2|k. Note that we can choose kn to
be as large as we want. Denote by Mf n :Pkn+1(Z=p(rn=2)−1) → Srn the extension of fn to the Moore
space with top cell in dimension kn + 1. The map Mf n induces an epimorphism in K-theory from
Z(p) to Z=p(rn=2)−1 [1]. Set sn=(rn=2)−1 and let dn denote the order of [gn ◦fn]∈ ∗((X )). Write
fdnn = fn ◦ pdn , and consider the diagram:
where Mgn and f˜
dn
n are de-ned via two zero homotopies gn ◦fdnn ∼ ∗ and fdnn ◦psn−dn ∼ ∗, and Cfdnn
is the mapping cone.
Choose generators x; y for K˜∗(Cfdnn )
∼= K˜∗(Srn)⊕ K˜∗(Skn+1) ∼= Z(p)(x)⊕ Z(p)(y).
Lemma 3.1. The kernel of f˜dnn
∗
: K˜∗(Cfdnfn
) → K˜∗(Skn+1) is generated by psn−dnx − ,y, where , is
a unit in Z(p).
Proof. Since both pinch and Mfdnn induce epimorphism in K-theory we see f˜dnn
∗
(y) = ,x, where , is
a unit. By f˜dnn
∗
(y) = psn−dny the assertion follows.
Next recall that K-theory comes equipped with Adams operations  k . See [1] for -nite complexes
and [9] for the general case.
We record a lemma which is proved by Selick in [26].
Lemma 3.2. Let Y be a 4nite CW -complex such that H˜ ∗(Y ;Q) = 0 for ∗¿ 2n. Then there is no
non-trivial homomorphism ’ : K˜∗(Y )→ K˜∗(S2n) commuting with the Adams operations.
Now we can reap the fruits of our labours and give the Proof of Theorem 1. By 2.3, the cokernel
of g∗n is killed by pn with n6 [
rn−2
2p−3 ] and the induced map on E
6mn∞ has the same property.
Let mn be the least integer such that rn6 r(mn + 1) − 1 holds. By 1.3. the map Mmn is rn +
mn-connected and H ∗( MXmn) = 0 for ∗¿m · mn with m = dim X . Set in := (m − 1)(mn) − rn. Then
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by 2.1. p[(in−1)=(2p−2)] · E6rn+mn2 ( MXmn) survives to E∞. It follows by inspection that the cokernel of
Mmn∗ :E6mn+rn∞ ( MX
mn)→ E6mn+rn∞ (mn((X )))
is annihilated by p‘n with ‘n6 [(in − 1)=(2p − 2)]. Hence the composition Mmn ◦ mngn induces a
homomorphism on E6mn+rn∞ which is at most divisible by p‘n+n =p0n . Since the Atiyah–Hirzebruch
-ltration for Srn+mn is trivial for index ¿rn + mn, the same divisibility bound holds true for the
map induced by mngn ◦ Mmn on K˜∗. We may and will assume that kn ¿m · mn. Then by 3.2.
Mmn ◦ mn(f˜dnn ◦ Mgn) induces trivial on K˜∗. So we have sn − dn6 0n by 3.1. and hence sn − 0n6dn.
Remember that sn=(rn=2)− 1 and 0n=n+ ln. For the later we found that n6 [(rn− 2)=(2p− 3)]
and ln6 [(in− 1)=(2p− 2)]. By de-nition of mn we have rmn6 rn. Putting all this together we can
estimate the integer dn as follows:
dn¿
rn
2
− 1−
[
rn − 2
2p− 3
]
−
[
in − 1
2p− 2
]
=
rn
2
− 1−
[
rn − 2
2p− 3
]
−
[
(m− 1)(mn)− rn − 1
2p− 2
]
¿
rn
2
− 1−
[
rn − 2
2p− 3
]
−
[
(m− 1)( rnr )− rn − 1
2p− 2
]
:
Let us check for which p the last term above goes to in-nity. If we skip all constant factors we
-nd that dn →∞ if rn( 12 − 1=(2p− 3)− ((m− 1)=r)− 1=(2p− 2))→∞. This happens if the term
in the bracket is ¿ 0 i.e. iN p¿m− 1=r + (2p− 2)=(2p− 3).
4. Formal spaces
For some spaces we can sharpen our results. Let C denote the cobar construction [2] on the
coassociative coalgebra C over Z(p).
Denition 4.1. A space X is called Z(p)-formal if H∗(X ) is torsion free and there is a quism of
diNerential graded algebras ’ :H∗(X )→ C∗(X ).
Remark. The notion of formality makes sense for any principal ideal domain R and for any space
X if we use coe4cients in R.
Remark. In the parlance of [18] ’ is a strongly homotopy multiplicative morphism from H∗(X ) to
C∗(X ), i.e. a map in DCSH (see [18] for all this). From this point of view it becomes clear that
the concept of Z(p)-formality is a generalization of the much studied notion of formality in rational
homotopy theory.
Theorem 4.1. Let X be a Z(p)-formal hyperbolic CW -complex. Then X has no homotopy exponent
at p for p odd if H∗((X )) is torsion free.
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Proof. We may assume that X has trivial 1-skeleton. Let Fn denote the -ltration by wordlength de-n-
ing the cobar spectral sequence. The map ’ induces a quism between H∗(X )=Fn and C∗(X )=Fn
for all n. There is a natural isomorphism between H˜ ∗(X n) and H∗(C∗(X )=Fn+1) up to shift in
dimension [24, p. 548]. We claim that H∗(X n) and hence also H∗( MX n) is torsion free for all n. By
what has been said above it is enough to consider H∗(H∗(X )) and its quotients. The diNerential
in H∗(X ) is given by the cup coproduct and is of degree 1 with respect to the grading given by
wordlength. Note that H∗(H∗(X )) ∼= CotorH∗(X )(Z(p);Z(p)) and H∗(H∗(X )=Fn+1) are bigraded.
The quotient map H∗(X ) → H∗(X )=Fn+1 induces an isomorphism on Hp;q for p¡n and a
monomorphism for p = n. The claim follows and the Atiyah–Hirzebruch spectral sequence for MX n
degenerates. So we can put ln = 0 in the proof of Theorem 1. if X is Z(p)-formal. The estimates
given in the proof of Theorem 1 show that the integers dn tend to in-nity if 12 − 1=(2p − 3)¿ 0,
i.e. if p is odd.
Remark. For K a -eld K-formal spaces were studied in [3]. They are called K-quadratic by Anick.
Most of the results in Anick’s paper generalize to rings R ⊆ Q if the homology and the loop space
homology of the space under consideration is R-Oat.
Example 1. A 1-connected suspension X with torsion free homology is Z(p)-formal by the Bott–
Samelson theorem.
Example 2. Let X1; : : : ; Xn be 1-connected suspensions of -nite type with torsion-free homology
and let Ti be the subset of their product with at least i coordinates at the base point. It follows
from Porter’s decomposition of (Ti) that H∗((Ti)) is free [24]. The proof that Ti is K-formal [3,
Theorem 4] for K a -eld generalizes under our assumptions on the homology.
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